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Modeling the Optical Interaction Between a Carbon
Nanotube and a Plasmon Resonant Sphere

George W. Hanson, Senior Member, IEEE, and Paul Smith

Abstract—A model is presented for the electromagnetic interac-
tion between a carbon nanotube and an electrically-small sphere,
such as a plasmonic metal particle. The sphere is characterized by
its dipole moment, which is coupled to an integral equation for
the nanotube. The model can be easily adapted to other systems
consisting of electrically-small objects coupled to larger objects re-
quiring a full-wave treatment. It is found that the presence of a non-
plasmonic electrically-small sphere has a small effect on observed
system properties, but that a plasmonic nanosphere in close prox-
imity to a carbon nanotube leads to pronounced coupling, and may
be useful as a way to excite carbon nanotube antennas. Further-
more, backscattering from a plasmonic nanosphere-carbon nan-
otube system is dominated by the nanosphere response. An approx-
imate analytical solution is provided for the current induced on a
nanotube in the presence of a plasmonic nanosphere.

Index Terms—Carbon nanotubes, electromagnetic theory,
nanosphere, nanotechnology, optical antenna, plasmons.

I. INTRODUCTION

ACARBON nanotube [1] is a fundamental structure in na-
noelectronics, with applications in diverse fields. In partic-

ular, semiconducting nanotubes can be used as transistors [2],
[3] and related devices, and metallic tubes are envisioned as
transmission lines [4]–[7] and antennas [8]–[14]. It is therefore
important to understand the interaction between an electromag-
netic wave and a carbon nanotube, and electromagnetic interac-
tion effects among nanotubes and with other nanostructures.

A second nanostructure of fundamental importance is a plas-
monic nanoparticle, such as a nanoscopic noble metal spheroid
at optical frequencies. Plasmonic nanoparticles have formed an
area of intense study in recent years for a number of reasons,
such as their use in forming subwavelength optical devices
[15]–[17] and in biological/medical applications [18]. The im-
portance of particle plasmons is due to their intense near-field,
which can enhance electromagnetic effects by several orders of
magnitude [19]–[21].

In this paper, the electromagnetic interaction between a
carbon nanotube and a plasmonic nanoparticle is studied. The
carbon nanotube is modeled using an integral equation involving
a quantum mechanical surface conductance, and the electrically-
small nanoparticle is characterized by its dipole moment, leading
to a relatively simple and efficient formulation. The use of an
integral equation for the nanotube is necessary, since its length
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Fig. 1. Carbon nanotube in close proximity to an electrically-small object mod-
eled by its electric and magnetic polarizabilities P andM.

is an appreciable fraction of a wavelength at the considered
frequencies. One possible application of the considered system
is to carbon nanotube optical antennas, where, for example,
an incident plane wave can excite the nanotube-nanoparticle
system. If the nanoparticle undergoes a plasmonic resonance, it
can provide a strong localized excitation for the carbon nanotube
antenna, inducing more current to flow on the antenna than if the
nanoparticle were absent. In the following, all units are in the
SI system, and the time variation (suppressed) is .

II. FORMULATION

The formulation is developed for a carbon nanotube cou-
pled to an electrically-small polarizable object characterized by
its electric and magnetic polarizabilities, as depicted in Fig. 1,
but it can be easily extended to larger coupled systems. Fol-
lowing [9]–[13], the carbon nanotube is modeled as a finite
length hollow cylinder with an infinitely-thin wall, characterized
by a surface conductance . In general, carbon nanotubes are
characterized by the dual index , where for zigzag
CNs, for armchair CNs, and , for
chiral nanotubes. Interestingly, carbon nanotubes can be either
metallic or semiconducting, depending on their geometry (i.e.,
on ) [22]. Armchair CNs are always metallic (they exhibit
no energy bandgap), as are zigzag CNs with , where is
an integer (although zigzag tubes can have a small bandgap due
to curvature effects, one can usually consider them as metallic
from an applications perspective). The resulting cross-sectional
radius of a carbon nanotube is given by [22]

(1)

where nm is the interatomic distance in graphene.
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A. Development of the Model

Starting with Maxwell’s equations

(2)

(3)

where and are material parameters of the space occupied
by the nanotube-sphere system, and are electric and mag-
netic current densities, respectively, solutions can be written as
[23], [24]

(4)

(5)

where [25]

(6)

(7)

, P.V. indicates that the associated term is to be
integrated in the principal value sense [26], is the depolarizing
dyadic, and is the support of the current. Furthermore

(8)

(9)

(10)

(11)

where
is the unit dyadic, and .
It is assumed that the lossy dielectric object is electrically

small, such that its maximum linear dimension is much less than
the free-space wavelength and the wavelength inside the dielec-
tric (yet much larger than the Fermi wavelength, so as to ignore
quantum confinement effects). In this case the object can be rep-
resented by its electric and magnetic dipole moment [27], [28],

and , respectively. Associated currents are

(12)

(13)

where is the location of the dipole moment

(14)

i.e., the polarizable object is centered at . The
fields due to the dipole moments are then

(15)

(16)

Since the carbon nanotube is modeled as a cylinder having an
infinitely-thin wall and an electrically-small radius ,
current density on a carbon nanotube with axis coincident with
the -axis can be written as [10]

(17)

so that

(18)

(19)

leading to fields

(20)

(21)

where

(22)

locates positions on the wall of the carbon nanotube, and where
denotes the tube center.

The seven scalar unknowns , and can be obtained
self-consistently by enforcing conditions on the field. The first
condition is Ohm’s law for the carbon nanotube [9]–[13]

(23)

enforced on the tube wall, where is the -component of
the total electric field and is the nanotube conductance (S).
For an armchair or zigzag carbon nanotube the -electron tight-
binding quantum conductance is given by [9], [29]

(24)
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where is the charge of an electron, is the phenomeno-
logical relaxation frequency ( being the relaxation time), is
the reduced Planck’s constant, and are the equilibrium
Fermi distribution function and electron dispersion relation in
the conduction or valance bands, respectively, and is the
matrix element for the nanotube. Explicit expressions for these
quantities are given in [30].

The second condition is that the total field at the location of
the dipole moment, due to all currents in the system except those
associated with the dipole moment itself, is related to the dipole
moment through the polarizability dyadics

(25)

where and are the electric and magnetic polarizability ten-
sors of the object, respectively. Specializing to the case of a
non-magnetic nanosphere in free space [27]

(26)

(27)

where is the radius of the sphere and is the relative permit-
tivity of the sphere material. For other shapes, such as spheroids,
polarizability tensors are available in [27] (although for rea-
sons discussed below, here we will only consider spheres). En-
forcing the two field conditions (23) and (25) leads to the cou-
pled equations

(28)

(29)

where the first equation is enforced for all on the nanotube
( in (22) can be set to zero because the nanotube current
is assumed to be -independent, since ), is the
electric field maintained by currents on the carbon nanotube,

is the field maintained by the electric dipole moment, and
is the incident field, i.e., the field that would be present in

the absence of the carbon nanotube and the polarizable object.
Explicitly, (28) becomes

(30)

(31)

where the first equation is enforced for all on the nanotube,
and where

(32)

Fig. 2. Frequency-dependent material parameters for a (9, 0) carbon nanotube
(� is the upper two curves showing interband transitions, corresponding to the
left vertical axis) and bulk gold and silver (relative permittivity is given by the
lower four curves, corresponding to the right vertical axis). The short arrows at
F = 612 THz and F = 846 THz indicate the frequency where Re(" ) =
�2" and Re(" ) = �2" , respectively.

For computation it is convenient to remove the operator
from (30) (the second derivative operator in (31) is not

a problem since the derivatives can be moved inside the integral
and evaluated). This leads to the Hallén form

(33)

(34)

where the first equation is enforced for all on the nanotube,
and are constants to be determined upon setting the currents
on the ends of the nanotubes to be zero, , and
where [10]

(35)

The incident field is assumed to be a uniform plane wave

(36)

and a pulse function expansion, point matching method-of-mo-
ments solution, as described in [10], is used to solve (33).

B. Analytical Expression for the Carbon Nanotube Current

The carbon nanotube conductance is quite small at
optical frequencies, on the order of (S), as will be shown
in Fig. 2. Therefore, concerning the two terms involving
in (30), the left side of the equality will be dominant over the
first term on the right side. Furthermore, since the plasmon
resonance is a strong phenomena, to a first approximation we
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may neglect the influence of the carbon nanotube current on
the dipole moment [i.e., the first term on the right side of (31)],
and therefore, (30) and (31) can be simplified and combined to
yield

(37)

Using (26) and assuming that , then

(38)

If the CN is centered at the origin and the dipole moment at
then

(39)

(40)

where the distance between a point on the tube wall (at )
and the sphere center is

(41)

Further simplifying, since the CN and the dipole moment are
separated by distances on the order of nanometers

, and so a simple analytical expression for the
carbon nanotube current is obtained as

(42)

This solution could be used in an iterative scheme based on
(33) and (34), although (42) itself provides a reasonably accu-
rate closed-form solution away from the tube ends, as shown in
Fig. 5 and discussed below. For an isolated carbon nanotube at
optical frequencies, an alternative approximate analytical solu-
tion based on an iterative approach is presented in [13].

C. Comments on the Model

For an isolated carbon nanotube at optical frequencies, a
detailed discussion of the integral equation model used here
is provided in [12]. As discussed in that paper and in [31], a
comparison between optical Rayleigh scattering measurements
and simulation results for a (10, 10) armchair nanotube shows
good agreement (up to arbitrarily-normalized amplitudes) using
a phenomenological relaxation time of ps in (24). It is
expected that different nanotubes may require at least slightly
different values of , although this requires further study, and
here ps is used.

Furthermore, in this paper we assume a local model of the
carbon nanotube, (23). In [9] and [29] an approximate non-local
correction is derived, resulting in

(43)

where is a small parameter. This modified form of Ohm’s
law results from assuming traveling wave behavior of the elec-
tric field in the governing transport equation. In [11] the use of
(43) for an infinite nanotube antenna in the far infrared and GHz
regime yielded results that agreed with the simpler local form
(23), and so here we also assume the local relation. However,
the strongly inhomogeneous nature of the sphere’s near field,
coupled with reduced screening in low-dimensional structures,
indicates that a nonlocal model coupling electron kinetics and
external fields may be useful.

The other part of the model concerns representing the elec-
trically-small polarizable object by its dipole moment. For a
single nanosphere having radius less then approximately 10–20
nm, yet greater than 2–3 nm, the dipole moment representation
should be valid through the near ultraviolet regime. The upper
size limit is dictated by the need for the sphere to be electrically
very small, and the lower limit is due to the fact that spheres
having sizes below 1–2 nm do not behave as bulk solids. Since
the sphere is electrically-small, the electric and magnetic fields
obtained from the dipole moment are valid not only far from the
sphere, but also on the sphere’s surface [28], [32]. Thus, even
the situation where the carbon nanotube and the nanosphere are
nearly touching can be correctly modeled electromagnetically
using the described approach (electronically, however, the local
density of states on the carbon nanotube may be modified by the
presence of the sphere, although the effect of this interaction is
ignored here).

For objects other than spheres, such as electrically-small pro-
late spheroids, the field on the spheroid surface is not correctly
modeled using only dipole moments. In this case one obtains
a dipole moment corresponding to an equivalent sphere, out-
side of which the dipole-moment fields are valid. Since close
coupling between the polarizable object and the carbon nan-
otube is of interest here, the surface field on the object is of pri-
mary importance, and, therefore, results are only presented for
nanospheres. In this case, the induced electric field at the sur-
face of an isolated nanosphere due to an incident plane wave,
computed using the dipole moment, was found to give excellent
agreement with the finite-element result in [19]. Note that larger
objects could be modeled by partitioning them into electri-
cally-small spheres and replacing (29) with a system of
equations (this is known as the discrete dipole approximation,
see, e.g., [32] and [33]) coupled to the first equation, although
this topic isn’t investigated here. A good recent review of elec-
tromagnetic modeling techniques and associated phenomena for
nanostructures is provided in [17].

III. RESULTS

The following results lead to some predictions for the inter-
action between a carbon nanotube and a plasmonic nanosphere.
Fig. 2 shows frequency-dependent material parameters for the
objects of interest. The complex conductance (24) for a (9, 0)
carbon nanotube ( nm) is shown as the upper two
curves, corresponding to the left vertical axis, exhibiting optical
interband transitions at certain frequencies. The complex per-
mittivity of bulk gold and silver are the lower four curves, cor-
responding to the right vertical axis, obtained from experimental
results [34]. The short vertical arrows at
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Fig. 3. Current magnitude at the center of a 60 nm long (9, 0) carbon nan-
otube induced by a 1 V/m uniform plane wave normally incident on a nan-
otube-nanosphere system (depicted in the insert). The sphere has radius r = 6

nm and is centered at x = 3a + r ; y = z = 0, and the CN is
centered at the origin. For the dielectric nanosphere, " = 10. Also shown is
the approximate analytical solution (42), where circles denote the solution for a
CN-silver nanosphere system, and squares are for the isolated nanotube.

and indicate the Fröhlich frequency, where
and , respectively. From

(27) it is evident that at these points the nanospheres exhibit
plasmonic resonances [27], [32].

It can be seen that silver has lower losses then gold throughout
the optical band, and thus one would expect to see stronger plas-
monic effects with silver, as is found to be the case. The (9, 0)
tube, which is metallic, was chosen for study because the Fröh-
lich frequency for silver is between two interband transitions of
the carbon nanotube, thus decoupling somewhat these different
physical effects.

In all of the following results the excitation is an V/m
uniform plane wave normally incident
on the carbon nanotube-nanosphere system. Fig. 3 shows the
current at the center of a 60 nm long (9, 0) carbon nanotube
in close proximity to a nanosphere (the tube-sphere system is
depicted in the insert). The sphere has radius nm and
is centered at , and the
CN is centered at . In the figure, re-
sults are given for the situation of a carbon nanotube coupled
to four different nanospheres: silver, gold, free-space (i.e., no
sphere), and an idealized dielectric, based on a pulse
function, point matching solution of (33) and (34). The smaller
peaks near 755 THz are due to interband transitions in the nan-
otube conductance, as seen in Fig. 2. At this frequency it is ev-
ident that the current on the tube center in the presence of the
material spheres is smaller then for the isolated CN due to de-
polarization effects. The peak near 844 THz for the CN-silver
nanosphere case is due to the plasmon resonance of the silver
sphere (the Fröhlich frequency of 846 THz for bulk silver is
shifted slightly due to strong tube-sphere electromagnetic cou-
pling). A similar peak should occur for the CN-gold nanosphere
case near THz, but is not seen due to the relatively
strong damping of gold.

Also shown in Fig. 3 is the approximate analytical solution
(42). For the isolated carbon nanotube, the analytical solution is

Fig. 4. Current magnitude at the center of a 60 nm long (9, 0) carbon nanotube
induced by a 1 V/m uniform plane wave normally incident on the nanotube-
sphere system, as the distance between the nearest tube wall and the nanosphere
center, x , is varied (as depicted in the insert). The sphere has radius r = 6

nm and is centered at x = a + x ; y = z = 0, and the CN is
centered at the origin. The frequency of the incident plane wave is 844 THz,
which corresponds to the plasmon resonance of silver for strong silver sphere-
tube coupling.

in complete agreement with the numerical solution of (33) and
(34). For the CN-Silver nanosphere system, the approximate so-
lution is in reasonable agreement with the numerical solution
near the plasmon resonance. This is consistent with the devel-
opment of (42), where the influence of the nanotube current on
the nanosphere is neglected, so that the nanosphere is excited
only by the incident plane wave, but the nanotube is excited by
both the plane wave and the nanosphere. For the sake of clarity
of the figure, the approximate solution results for the gold and
dielectric sphere are not shown, but reasonable agreement with
the numerical solution is obtained. The comparison between the
approximate analytical solution (42) and the numerical solution
of (33) and (34) is further considered in Fig. 5.

The plasmonic nanosphere obviously has a strong effect on
the carbon nanotube current in the case when the sphere and
tube are in close proximity (as shown in the figure, at 844 THz
the presence of the silver nanosphere increases the center cur-
rent on the nanotube by an order of magnitude, compared to
the isolated tube case). It is well-known that the intense field
at the surface of a plasmonic particle decays rapidly with dis-
tance, approximately on the order of the sphere radius, and one
would expect that the sphere-tube coupling diminishes rapidly
with increasing separation. This is indeed found to be the case,
as shown in Fig. 4, where the current at the center of the carbon
nanotube is shown as the distance between the nearest tube wall
and the nanosphere center, , is varied (as depicted in the
insert). The sphere has radius nm and is centered at

, and the CN is centered
at the origin. The frequency of the incident plane wave is 844
THz, which corresponds to the plasmon resonance of silver for
strong nanotube-nanosphere coupling. As expected, the effect
of the silver plasmonic nanosphere on the nanotube diminishes
rapidly with separation, and above approximately
nm the material sphere has essentially no effect on the carbon
nanotube current.
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Fig. 5. Current profile (magnitude) on a 60 nm long (9, 0) carbon nanotube
induced by a 1 V/m uniform plane wave normally incident on a tube-sphere
system (depicted in the insert). The sphere has radius r = 6 nm and is centered
at x = 3a+ r ; y = z = 0, and the CN is centered at the origin. The
peak for the CN-silver sphere is due to the plasmon resonance, and the dip for
the CN-gold sphere is due to tangential electric field suppression at the surface
of the gold sphere. The approximate analytical solution (42) is also shown.

Fig. 5 shows the current profile on a 60 nm long (9, 0) carbon
nanotube induced by a 1 V/m, 844 THz normally-incident uni-
form plane wave. The sphere has radius nm and is cen-
tered at , and the CN is centered
at the origin. The peak in the current for the CN-silver sphere
is due to the extremely strong near-fields associated with the
plasmon resonance of the nanosphere. Since at this frequency
the gold sphere does not have a plasmon resonance, the dip for
the CN-gold sphere case is due to depolarization effects; the
tangential electric field is suppressed at the surface of the gold
sphere (the tangential electric field is on the left-side of the
sphere near the nanotube, and thus at this point is very small,
and would identically vanish if the gold sphere were perfectly
conducting). It can also be seen that the approximate analytical
solution (42) provides a reasonable closed-form estimate of the
nanotube current profile in each case.

Fig. 6 shows the backscattered electric field at m,
, from a system consisting of a 60 nm long (9, 0)

carbon nanotube and a nm nanosphere. The sphere is
centered at and the CN is
centered at the origin. The peak for the CN-silver sphere is due
to the plasmon resonance, and a similar, although much smaller
plasmonic peak is seen for the gold nanosphere near 575 THz,
as shown in the close-up provided in the insert. Scattering from
the plasmonic nanosphere is seen to dominate the response of
the CN-nanosphere system.

Concerning the numerical results, although a 6 nm radius
sphere was assumed here, there would not be any qualitative
difference for spheres having radius values in the previously
described range. Furthermore, since current is predicted to be
strongly damped on CNs at optical frequencies, results will be
similar for a wide range of nanotube lengths.

IV. CONCLUSION

A model has been presented for electromagnetic interactions
between a carbon nanotube and an electrically-small material

Fig. 6. Magnitude of the backscattered electric field at y = 10 �m, x = z =

0, from a system consisting of a 60 nm long (9, 0) carbon nanotube and a r = 6

nm nanosphere. The sphere is centered at x = 3a+ r ; y = z = 0

and the CN is centered at the origin. The peak for the CN-silver sphere is due to
the plasmon resonance of the silver nanosphere, and the small peaks near 755
THz are due to interband transitions on the CN (see Fig. 2). The insert shows
a close-up of backscattering from the CN-gold nanosphere system, showing a
small peak near the Fröhlich frequency of gold.

sphere. The carbon nanotube is modeled as an infinitely-thin
tube characterized by a full-wave integral equation using a
quantum surface conductance, and the electrically-small sphere
is modeled by its dipole moment. It is predicted that the
presence of a plasmonic nanosphere significantly affects the
current on a nearby carbon nanotube, and can be used to induce
relatively large currents on the tube in the vicinity of the sphere.
An approximate analytical solution for the current induced
on a nanotube in the presence of a nanosphere is provided.
Backscattering from a carbon nanotube-plasmonic nanosphere
system is dominated by the nanosphere, despite the nanotube
being electrically much larger.
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